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Quantization of spectral curves and DQ-modules 

Frangois Petit* 


Abstract 

Given an holomorphic Higgs bundle on a compact Riemann surface of 
genus greater than one, we prove the existence of an holonomic DQ-module 
supported by the spectral curve associated to this bundle. Then, we relate 
quantum curves arising in various situations (quantization of spectral curves 
of Higgs Bundles, quantization of the A-polynomial...) to DQ-modules and 
show that a quantum curve and the DQ-module canonically associated to it 
have isomorphic sheaves of solutions. 
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1 Introduction 

Spectral curves arose first in the study of certain integrable systems as the zero 
locus of families of characteristic polynomials. The notion of spectral curves has 
nowadays a broader meaning and the quantization of these curves in terms of 
quantum curves has recently received a lot of attention (see for instance [HCllSlIIIl 
nnuniiiH]). Quantum curves appear naturally in the study of many enumerative 
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problems of algebraic geometry. For example the exponential generating function 
of Gromow-Witten invariants on is the solution of a certain quantum curve 
computed in m- They also play a key role in a conjecture relating classical 
knot invariants as the ^-polynomial and quantum knot invariant as the Jones or 
the HOMFLY polynomial. More precisely, the quantization of the A-polynomial 
via the topological recursion of Eynard and Orentin [13j-a recursive procedure 
conjecturally related to WKB expansion-should allow to recover the colored Jones 
polynomials. It is worth noticing that though, an intrisic definition of quantum 
curves quantizing spectral curves of Higgs bundles has been proposed in 0, this 
definition is not able to capture many of the instances of quantum curves. Indeed, 
in this definition, quantum curves are interpreted in terms of modules over the 
Rees algebra of the sheaf of holomorphic differential operators filtered by the order. 
Such objects allow only to quantize subvarieties of a cotangent bundle and it is 
well-known that not all spectral curves are subvarieties of a cotangent bundle. For 
instance spectral curves defined by H-polynomials lie inside the symplectic surface 
(C* X C*,dxi Ada; 2 /(a;ia; 2 )) ( [H[HI[IH] ) ■ Thus, they are Lagrangian subvarieties of 
this symplectic manifold. More generally, spectral curves can also be considered 
as Lagrangian subvarieties of holomorphic symplectic surfaces. This aspect raises 
naturally the questions of the quantization of spectral curves from the point of 
view of deformation quantization and the relation between quantum curves and 
deformation quantization. 

In this paper, we study the quantization of spectral curves from the stand¬ 
point of deformation quantization and more specifically from the point of view of 
Deformation Quantization modules (DQ-modules) and suggest to define quantum 
curves as certain type of DQ-modules. Indeed, the quantization of spectral curves 
is a special instance of the problem of quantizing a Lagrangian subvariety inside an 
holomorphic symplectic manifold for which the theory of DQ-modules-introduced 
by Kontsevich in [52] and thoroughly studied by Kashiwara and Schapira in |5T|- 
provides an adequate framework (see [T] and [5]). In this setting, quantum curves 
are interpreted as DQ-modules. Our approach deals with the various type of quan¬ 
tum curves (for instance those given by differential operators, translation operators 
which control the generating function on Gromov-Witten invariants on or scal¬ 
ing operators arising from the quantization of H-polynomials) in a uniform way 
which should allow to set up and study duality between various type of quantum 
curves. This point of view provides other benefits. For instance the localisation 
with respects to the deformation parameters of the sheaf of solutions of a quantum 
curve (understood as a DQ-modules) is a perverse sheaf. 

This paper is divided into three parts. In the first one, we briefly review 
the theory of DQ-modules and present some examples of star-algebras which are 
related to quantum curves. Then, we describe the canonical quantization of the 
cotangent bundle of a complex manifold as constructed by Polesello and Schapira 
in [55] . In the second one, we study the quantization of spectral curves associated 
to Higgs bundles via DQ-modules theory. We establish Theorem 13.151 the main 
result of this paper, which states, in particular, that given a compact Riemann 
surface of genus at least two and a Higgs bundle, there always exists an holonomic 
DQ-module supported by the spectral curve associated to this bundle and that 
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if the spectral curve is smooth and the Higgs bundle is of rank greater that one, 
this holonomic module is simple which implies that this quantization is locally 
unique. Finally, in the third one, we set-up a general framework to relate quantum 
curves and DQ-modules and show that many examples of quantum curves can be 
interpreted as DQ-modules and that they have the same sheaves of solutions. It is 
worth noticing that a systematic comparison between DQ-modules and quantum 
curves is difficult since there is no general theory of quantum curves per se. 

Let us describe the second and third part of this paper in more detail. The 
second is motivated by the paper [lljin which the formulation of the topological 
recursion for spectral curves in the cotangent bundle of an arbitrary Riemann sur¬ 
face suggests that it should be possible to produce a canonical quantization of a 
spectral curve associated to a Higgs bundle via the topological recursion (One of 
the issues is the globalization of the quantization provided locally by the topo¬ 
logical recursion). Here, we focus on the existence of a global quantization of the 
spectral curve without trying to elucidate the relation with topological recursion. 
We prove that under some mild assumptions, a quantization always exists and 
that it is locally unique (see Theorem 13.1511 . Our result proves the existence of the 
quantization of the spectral curve associated to a Higgs bundle in great generality 
and clarifies certain aspects of m which uses the language of Rees D-modules to 
study the quantization of spectral curves associated to Higgs bundles. If one uses 
Rees D-modules to quantize a spectral curve, a technical difficulty arises from the 
fact that this curve will not be the support of a Rees D-modules quantizing it but 
will be its semi-classical characteristic variety (a suitable non-conic version of the 
characteristic variety). In the framework of the theory of DQ-modules, in order to 
quantize spectral curves one has to first choose a quantization of the symplectic 
surface i.e a DQ-algebra whose associated symplectic structure is the symplectic 
structure of the surface considered. In the case of the cotangent bundle, we use 
its canonical quantization constructed by Polesello and Schapira. Then quantizing 
a spectral curve amounts to construct a coherent DQ-module without /i-torsion 
the support of which is the spectral curve. The formulation in the language of 
DQ-modules of the problem of the existence of a quantization of a spectral curve 
allows to rephrase it in terms of cohomology of sheaves (see Proposition 13.II) and 
makes the proofs simpler. 

In the third part of the paper, we compare DQ-modules and quantum curves. 
For that purpose, following [101121 [la m, we interpret quantum curves as 
sections of certain algebras of operators (these algebras of operators should be 
understood as the analogue of the Rees algebra of differential operators filtered 
by the order in setting where the symplectic surface being quantized is not a 
cotangent bundle). To achieve the comparaison with DQ-modules, we introduce 
a notion of polarization of a DQ-algebra which is the counterpart in the language 
of DQ-modules of the notion of polarization used in the framework of quantum 
curves. Using this notion of polarization, we show that the different algebras 
of operators corresponding to various type of quantum curves embed in a flat 
way in appropriate DQ-algebras that we have previously defined (see Proposition 
14.12114.22114.311) . Finally, we establish that the sheaf of solutions associated to a 
quantum curve is isomorphic to the sheaf of solutions of the DQ-module canonically 
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associated to it (see Corollary 14.131 and 
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2 DQ-algebras and DQ-modules 

In this section, we review some classical facts concerning DQ-algebras and DQ- 
modules. For a detailed study of these objects we refer the reader to m- 

2.1 DQ-algebras 

We denote by the ring of formal power series with complex coefficients in the 
variable h and by the held of formal Laurent series. Let {X,Ox) be a 

complex manifold. We dehne the following sheaf of C^-algebras 

Ol := hm Ox ®(C'^/h"C'^). 

neN 

Definition 2.1. A star-product denoted * on is a C^-bilinear associative 
multiplication law satisfying 

f * 9 = 9)fi' for every /, g€Ox, 

i>0 

where the Pi are holomorphic bi-differential operators such that for every f^gG 
Ox,Po{f,g) = fg and Pi(l,/) = Pi{f,l) = 0 for i > 0. The pair (O^,*) is called 
a star-algebra. 

Example 2.2. Consider the symplectic holomorphic manifold X = T*C" en¬ 
dowed with the symplectic coordinate system (x;it) with x = (cci,..., a;„) and 
u = (iti,... ,Un). It can be quantized by the following star-algebra (O^,*) where 

ceN" 


In particular, on T*C we get 




f*9 = J2j^{dtfMg). 


k>0 


4 






Example 2.3. The symplectic manifold X = (C* x C*, can be quantized 

by the following star-algebra {0 \, *) with 

fcfc 

f*9 = Yl 

k>0 

k>0 \ ^' \l=0 ) \p=Q J J 

where 5® is the number of ways of partitioning a set of k elements into I nonempty 
sets. These numbers are called the Stirling numbers of the second kind. Notice 
that xi-kx 2 = e^{x 2 *a^i). 

Example 2.4. The symplectic manifold X = (C* x C, can be quantized 

by the following star-algebra , *) with 

k>0 

= Ef5(ai/)fE^'.4'’ats)). 

fc >0 \ \ l=0 / / 

Definition 2.5. A DQ-algebra Ax on A is a C^-algebra locally isomorphic to a 
star-algebra as a C^-algebra. 

There is a unique Cx-algebra isomorphism AxjkiAx —^ Ox- We write cto : 
Ax Ox for the epimorphism of Cjc-algebras defined by 

Ax AxjhAx —^ Ox- 

This induces a Poisson bracket {•, •} on Ox defined as follows: 

for every a, b G Ax, {o'o(a), (7o(&)} = <jQ{h~^{ab — ba)). 


A DQ-algebra Ax can be endowed with the canonical filtration defined by 


Ax{k) 


h ’^Ax if fc < 0, 
Ax if fc > 0. 


( 2 . 1 ) 


Note that for every fc < 0, Ax{k)/Ax{k — 1) ~ Ox- 

Notations 2.6. (i) If Ax is a DQ-algebra, we denote by the opposite algebra 
J^x ■ This algebra is still a DQ-algebra. 

(ii) If Ax is a DQ-algebra, we set := ® Ax- 

We recall Proposition 2.2.12 from ED which allow to construct star-algebras. 
We follow closely their presentation. We denote by Vx the sheaf of holomorphic 
differential operators on X and set 


T)^ - 
‘^x - 


(im 

neN 


Vx(^(C^/fAC^). 

c 
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Given a star algebra Ax ■= there are two C^-linear morphisms 

- 5 > 

/^/*(-) /^(O*/- 

Let (cci,..., a;„) be a local coordinate system on X and for 1 < i < n we set 
Ai: =^\xi) and Bi: = 

The Ai and Bi with 1 < i < n are sections of satisfying the following 
conditions 

(A,il) = B,il)=x^, 

< Ai = Xi mod hV^, Bi = Xi mod hV\, (2.2) 

[[Ai,Bj] = 0 (i,j = 

Reciprocally, 

Proposition 2.7. Let {Ai, i?j}i<i he sections of satisfying conditions 
(|2.2I) . It defines Ax C V’f^ by 

Ax = {ae V^; [a,Bi] = 0, i = 1,..., n} 

and define the €-\-linear map ip : Ax Ox, o, a(l)- Then, 

(a) Ip is a <C\-linear isomorphism, 

(b) the product on 0\ given by ip{a) -k ip{b) := ip{a ■ b) is a star-product and 
ip~^ : Ox Ax is such that 

= ^'<P~^{Pi{f,9)W for every f,geOx 

i>0 

where the Pi are bidifferential operators such that 

f *9 = P^PiU,9W for every/,g e Ox. 

i>0 


(c) The algebra Af^x is obtained by replacing Ai with Bi for 1 < i < n in the above 
construction. 

(d) Let (yi,...,y„) be a local coordinate system on a copy of X. The section 
yi — Ai £ PxxY invertible on {xi ^ yt] and if f G Ox, the section 

G{f) = j f{y){yi - ^i)"^ • ■ • (2/n - AAi~^dyi ...dyn 

is such that for all 1 < i < n, [G(/), Bi] = 0 and ip{f) = f mod h. 

Notice that point (Id| is extracted from the proof of Proposition 2.2.12]. 


6 



2.1.1 The canonical quantization of the cotangent bundle 

Let M be a complex manifold. The cotangent bundle of M, that is X := T*M is 
endowed with the filtered, conic sheaf of Cjf-algbera of formal microdifferential 
operators and its subsheaf £x{0) of operators of order m < 0. These sheaves have 
been introduced in m and we refer the reader to [28j for an introduction. 

On X there is DQ-algebra Wj(:(0). It has been constructed in [5S] and we 
follow their presentation. 

We consider the complex line C endowed with the coordinate t and denote by 
(t;T) the associated symplectic coordinate on T*C. We set 

^T*(MxC).t(0) = {-P £ £t*m\ [P, df] = 0}. 

We consider the open subset of T* {M x C) given in local coordinate by 

r;^o(^xC) ={(x,t;e,T) er*(MxC)|r^0} 

and the map given in local coordinate by 

P-. X C)^T*M, (x,t;e,T) ^ {x-,i/T). 

We obtain a C^-algebra by considering the ring 

Wx(0) : = P*(fT*(MxC))(0)|T;^j,(MxC)) 

where h acts as r“^. If P is a section of Wx(0), it can be written in a local 
symplectic coordinate system (xi, ..., a;„, ui,..., as 

P = ^ fj{x, Ui)T\ fj G Ox, j G Z. 

3<0 


Setting h = T ^, we get 

P = Y,fk{x,u,)h\ h&Ox, fcGN. 

fe >0 

We denote by Wx the localization of Wv:(0) with respect to h. There is the 
following commutative diagram of natural morphisms of algebras. 

^ £x^ -^ Wx 

^ ^ nv(o) 

where the algebra map (j) : £x —>■ Wx is given in a local symplectic coordinate 
(xi, ...,Xn,ui,.. .,Un) System by xt >->■ Xi, H> h~^Ui. 
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2.2 DQ-modules 

Let {X, Ox) be a complex manifold endowed with a DQ-algebra Ax- We denote 
by Mod(.4jf) the Grothendieck category of .4x-modules and by D(.4x) its derived 
category. We write Modcoh(.4jf) for the Abelian full subcategory of Mod(Ax) the 
objects of which are the coherent modules over Ax- 

Recall that if Ax is a DQ-algebra, then Ax/fiAx — Ox- This provides a 
functor 

gTf^ : D{Ax) D{Ox), M ^ Ox ® M- 

Ax 

There is also a functor 

(•)'°^: D(Ax) ^ D(A^'=), M ^ JA}°^ := ® M. 

c'* 

We will need the following result which is a special case of pn Theorem 1.2.5]. 

Theorem 2.8. For any coherent Ax-'m-odule A4 and any Stein open subset U of 
X, we have ff (t/, A4) = 0 for any j > 0. 

Proposition 2.9. \21\. Corollary 2.3.4 o,nd Corollary 2.3.18] 

(i) Let M. £ Dcoh(“^^)' T/ien Supp(A^) is a closed analytic subset of X. 

(a) Let j\4 £ ^cohi-^x‘^)- Then Supp(Al) is a closed analytic subset of X, 
coisotropic for the Poisson bracket on X associated with Ax - 

We recall the definition of simple module (see [UJ Definition 2.3.10]). 

Definition 2.10. Let A be a smooth submanifold of X and let £ be a coherent Ax- 
module supported by A. The module C is simple along A if gTf^{C) is concentrated 
in degree zero and H°(gr;j£) is an invertible OA-module. 

When the associated Poisson structure of Ax is symplectic, we have the fol¬ 
lowing notions and results. 

Lemma 2.11 f |21l Lemma 6.2.1]). Assume that the Poisson structure associated 
with Ax is symplectic. Let A he a smooth Lagrangian submanifold of X and let 
Ci (i = 0, 1) be simple Ax-fnodules along A. Then: 

(i) the simple modules Cq and L\ are locally isomorphic, 

(ii) the natural morphism -A {Cq, Cq) is an isomorphism. 

Definition 2.12. (i) an Ax-module Ai has no Atorsion if the map M ^ M 

is a monomorphism. 

(ii) An A(^‘^-module Ai is holonomic if it is coherent and if its support is a 
Lagrangian subvariety of X. 

(hi) An Ax-module M is holonomic if it is coherent, without Atorsion and 
is a holonomic A]^°-module. 
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We denote by the full subcategory of D^(C^*°^) consisting of C- 

constructible objects (see [101 Definition 8.5.6 (ii)]). There is the following impor¬ 
tant result concerning holonomic ^(^'^-modules. 

Theorem 2.13 f |21l Theorem 7.2.3]). Let X be a complex symplectic manifold of 
dimension dx and let A4 and C he two holonomic -modules. Then, 

(i) the object ^'Hom.jp.oc^M., C) belongs to 

(ii) there is a canonical isomorphism: 

RTLom^ioaiM, C) ^ RHomj.R,,<,c(RHom_4^c(£, Al),C^'°‘=)[dx], 

(Hi) the object RTLotb.j^ioc{M., C)[dxis perverse. 

3 Quantization of spectral curves 

In this section, we prove that it is possible to quantize, in the framework of DQ- 
modules, the spectral curve associated to a Higgs bundle on a Riemann surface of 
genus at least 2. 

If ill is a vector bundle on a complex manifold X and s: X —>■ i? is a section of 
E, we denote be Xg the analytic zero subscheme of s and by Z{s) the set theoretic 
zero locus of s. 

By a Riemann surface we mean a connected, one dimensional complex manifold. 
We do not assume that Riemann surfaces are compact. 

In all this section is a Riemann surface and we set X = T*S and 

TT : X ^ H the canonical projection on the base. Let £ be a line bundle over E. 
We set 

W^(0) :=>Vx(0) ® n-^C. 

Notice that the sheaf (0) is a Wx (O)-module without li-torsion. It is li-complete 
and coherent. Recall that we have the following exact sequence 

0-^KWx{0)^Ox ^0 (3.1) 

where hWxiO) denotes the image of the morphism yVx(O) A >Vx(0). 

Applying the exact functor (•) ® 7r“^£ to the sequence (13.1|) . we get 

0 ^ Ii>V^(0) ^ >V^(0) ^ 7r*£ ^ 0. (3.2) 

It follows from the above sequence that W^(0)//i>V^(0) ~ 7r*£. 

We state and prove the following quantization criterion, that we will apply 
repeatedly. 

Proposition 3.1. Let T, be a Riemann surface and let L be a line bundle on S 
and s ^ 0 be a seetion of tt*C. Assume that H^(Ai, >V^(0)) = 0. Then, there exists 
a coherent yVx(0)-module M without h-torsion supported by Z{s) and such that 
XifhM ~ Tr*C/{s) where (s) denotes the Ox-submodule of ty*C generated by s. 


9 


Proof. Using the long exact sequence for the functor r(X; •) applied to the exact 
sequence (IX^ . we obtain the exact sequence 

H°(X,W^(0)) ^H°(X,7r*£) hW^{0)). 

The morphism W^(0) A ?iVV^(0) is an isomorphism of C^-modules and the group 
H^(X, >V^(0)) = 0. Then, H^(X, ?i>V^(0)) = 0. This implies that the morphism 
(To is an epimorphism. It follows that we can find G >V^(0)(X) such that 
(7o(s^) = s. We denote by (s^) the left >Vj(:(0)-submodule of W^(0) generated by 
and set 

M := Wf (0)/(A)- 

The module A4 has no ?i-torsion since (To(s^) ^ 0 and is coherent since it is a 
quotient of coherent modules. Finally, since A4 has no li-torsion 

Supp(A4) = Supp(A4//iA^) = Supp(7r*£/(s)) = Z(s). 


□ 

Remark 3.2. There is a straightforward way to quantize the zero locus of a 
holomorphic function in complex Poisson manifold quantized by a star-algebra. 
Indeed, if X is a complex Poisson manifold endowed with a star-algebra (as 

for instance in examples 12.2112.31 and 12.41) . Then, there exist a C-linear section (j) : 
Ox ->■ 0\ of (To : C>| ^ Ox- Thus, if / S Ox, the (O|,*)-module 0\/0\(t>{f) 
is a coherent (O^,*)-module without li-torsion supported by {x G X\f{x) = 0}. 

3.1 The case of open Riemann surfaces 

Theorem 3.3. An open Riemann surface is a Stein manifold. 

The following proposition is well-known to experts (see for instance M) 

Proposition 3.4. If E ^ M is a holomorphic vector bundle over a Stein base M 
then the total space E is also Stein. 

This implies that the total space of the cotangent bundle to an open Riemann 
surface is Stein. 

Lemma 3.5. //S is an open Riemann surface then, 

Hi(X,W^(0)) = 0. 

Proof. Since X is Stein and W^(0) is a coherent >Vx(0)-module, the result follows 
from Theorem 12.81 □ 
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3.2 The case of compact Riemann surfaces 

In this subsection we give a criterion for the vanishing of the cohomology of W^(0) 
when S is compact and use it to quantize spectral curves associated to Higgs 
bundle. 

We will need the following classical lemma due to Grothendieck. 

Lemma 3.6. Let F* he a bounded complex of nuclear Frechet spaces such that 
for every z G Z, is a finite dimensional vector space. Let V be a Frechet 

nuclear complex vector space. Then, for every z G Z, 

Lemma 3.7. Let M be a complex manifold and n : E ^ M be an holomorphic 
vector bundle and C he a locally free Om- module of finite rank. Then, 

RT(E-,Tr*C) - RT{M-,Tr,OE <8 C). 

Om 

Proof. We write om : M ^ * for the map from M to the point. Then, we have 

Rr(iil; 7r*£) ~ RaM*R.7r*(0£; ® 

~Rr(M,R7r,(C)B) C). 

Om 

But R'k^:{Oe) — t^*Oe. Indeed, R^tt^:{Oe) is the sheaf associated to the presheaf 
U I—H®(7r“^(C/), Ob) and there exists a fundamental system of Stein open sets 
{Vi)i^i such that for every i £ I, the open set 7r“^(Ri) is Stein. □ 

Proposition 3.8. Let M he a compact complex manifold and tt : E ^ M be an 
holomorphic vector bundle and C a locally free OM-module of finite rank. Then, 
for every z > 0 

(i) R\M,t,,Oe ® C)^R\M,C)®T{E,„Oe^), 

Om 

(ii) R\E,Tr*C) ~ ® r(.E„OBj 

where x £ M. 

Proof, (i) Let IL = {Ui)i^i be a Stein covering of M, such that E\e. and £|j/. are 
trivial. Then, 


r([/i,7r,OB ®om r) — {v®OM{Ui))®OM{Ui)^{Ui) 

~ C{Ui)®V 

where V = r(Ex, Oe,^) with x £ M. Using the above isomorphism the Cech 
complex of tt^Ob ®Om ^ relatively to the covering U can be written 

-^ C‘^-^{U,C)®V ^ C'i{U,C)®V ^ . 
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It follows from Leray’s Theorem that for every q > 0, ~ £). 

Since the manifold M is compact, this implies that the h'^(W,£) are finite dimen¬ 
sional C-vector spaces. It follows from Lemma 13.61 that 

for every q >0, h'^(W, C®V) ~ C) ® V. 


This, in turns, implies via Leray’s Theorem the following isomorphism. 


for every q > 0, tt^^Oe (Si C) — C) 0 V. 

Om 


(ii) It is a direct consequence of Lemma 13.71 and Proposition l3.8l lii. 

□ 

For every n G N, we set Mn '■= W^(0)/fi">V^(0). 

Lemma 3.9. Let T, be a compact Riemann surface and C be a line bundle such 
that H^(E,£) = 0. Then, for every * > 0 and n > 0, H*(X,A/'„) ~ 0. 

Proof. The case n = 0 is clear. We prove by induction on n > 0 that 

for every i > 0 and n > 0, H*(X,A/’„) ~ 0. 

Since Afi ~ Tr*C, we know that H*(X,A/i) ~ 0 for every i > 0. Thus, the case 
n = 1 is settled. Assume that n > 2 and that H*(A,A/'n-i) — 0 for every i > 0. 
For every n > 2, we have the following exact sequence 

0 J\fn-1 A Afn ^ ffi ^ 0. 


For i > 0, we get the following exact sequence 

(A,AA„_i) ^ ff (A,A/;) ^ ff (A,A'i) ^ ff+i(X,A/;_i). 

We know that all the terms of the above sequence but maybe H*(A, A/’„) are zero. 
This implies that H*(A,A/’n) ~ 0 for i > 0. □ 

Lemma 3.10. Let be a compact Riemann surface and C he a line bundle such 
that H^(S, C) = 0. Then, 

ff(A,Wf(0)) -0, fori >0. 

Proof Recall that for every n G N, A/"n := >V^(0)/fi"W^(0) and that Wx(0) — 
For every n > 0, the natural map JVn+i —S' Mn is an epimorphism of 

n 

sheaves. 

We wish to prove that for every i > 0 the canonical map 

/i,: ff(A,>V^(0)) ^lmff(A,W;) (3.3) 

n 

is an isomorphism. According to [13 Proposition 13.3.1], it is sufficient for us 
to check that for every i > 0 the projective system (H*(A, A/"n))neN satishes the 
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Mittag-LefHer’s condition. For i > 0, this is clear since H*(X,A/’„) = 0. For z = 0, 
it is sufficient to check that the morphism 

T{X; Wf (0)/?i"+i>V^(0)) ^ r(X; >Vx(0)/?i">V^(0)) (3.4) 

is surjective for any n > 1. Consider the following short exact sequence 

0 ^ 7r*£ ^ Wf (0)/;i"+i>Vf (0) ^ VVf (0)/;i"Wf (0) ^ 0. 

It provides us with the following exact sequence 

F(X;W^(0)/?i"+iW^(0)) ^r(X;W|(0)/ft”>V^(0)) ^ H^(X,7r*£). 

It follows from Proposition [3TH] (ii) that, 

H^(X,7r*£) ~ 0. 

This implies that morphism (13.41) is surjective. Since the morphism (13.31) is an 
isomorphism for every z > 0, the result follows from Lemma 13.91 □ 

3.3 Application 

We now apply the results of Subsection Id.21 to the following case. We assume that 
E is a compact Riemann surface of genus g >2. 

Once again we set X := T*E and write tt : X —>■ E for the canonical projection. 
We denote by zy the Liouville form on X, i.e the tautological section of T*E —>■ T*X. 
If £ is a fine bundle on E we denote by deg £ its degree. 

We recall a few well-know facts about compact Riemann surfaces. 

Proposition 3.11. (i) degll^ = 2g — 2. 

(ii) Let £ be an holomorphic line bundle such that deg£ > degn^.. Then, 

h1(E,£) = 0. 

Definition 3.12. A Higgs bundle is a pair where £ is a locally free Os- 

module of finite rank and (p G H^(S, Tnd(T) (8> The section </> is called the 

Higgs field of (£,4>). 

Remark 3.13. One usually requires that p satisfies p A p = 0. 

We recall the construction of the characteristic polynomial of a Higgs field. For 
that purpose, we state the following well-known fact. 

Lemma 3.14. Let (M,Om) be o, complex manifold and C be a locally free Om- 
module of finite rank r G N* and C be a locally free sheaf of finite rank on M. 
Then, 

(i) /\(^]^ £ is a locally free OM-'eeiodule of rank one. 


13 


(ii) There is a canonical isomorphism 


Hoino„(/\ £, (g) 0 /\ £) ~ r(M, (g) £')• (3.5) 

i=i i=i i=i 

Let £ and £' be as in Lemma [3.141 Consider a pair (£, -0 :£—>■£' 0 £) where 
■0 is a morphism of sheaves. We have the following diagram 

( 8)^1 £ ^ ( 8 ):^, (£' 0 £) —- £' 0 a:=i ^ 

w ^ ^ ^ iis 

By the universal property of the exterior power, there exists a unique section s 
filling the dotted arrow in the above diagram. We identify s with a section of 
r(M, ( 8)^1 isomorphism (13.511 . We call this section the determinant of 

0 and denote it by det( 0 ). 

Let {£, 0) be a Higgs bundle on E. The characteristic polynomial of 0 is 
obtained by applying the above construction with M = X, £ = 7r*£, £' = 7 r*H 2 
and 0 = 7 r *0 — 77 0 id 7 r*£. It is the section det( 7 r *0 — rj) G r(X; 

Theorem 3.15. Let T, be a compact Riemann surface of genus g >2. Let (£,0) 
be a Higgs bundle of rank r on Ti. 

(i) If r = 1 there exists a holonomic Ydx{It)-module A4 such that M-lhM. ~ 

TT* / (det (tt* 0 — 77 ) 0 det (tt* 0 — 77 )) (in particular SupTp{A4) = Z(det(7r*0 — 

v))- 

(ii) If r > 2, there exists a holonomic yVxiO)-'module A4 such that M-lhM. ~ 
7 r*f 2 ®'’/(det( 7 r *0 — 77 )) (in particular S\ipp{M) = Z{<let{'K*(f — rf)). Moreover 
if the analytic space ^det( 7 r*i;i-r;) is smooth, then M is a simple Wx(0)- 
module. 

Proof. We have that degH®" = n{2g — 2). If n = max( 2 , r) then, it follows 
from Proposition 13.111 that H^(E,II®"') = 0. By Lemma 13.101 we have that 

1 '— 

H (X, (0)) = 0. Then, the existence of the module M follows immediately 

from Proposition 13.81 

Under the assumption of {ii), if the analytic space X(jet( 7 r* 0 -r;) is smooth, it 
follows from the definition of a simple module that M is simple. □ 

Remark 3.16. (i) The Wv:(0)-modules we have constructed are holonomic, 

since they are coherent, have no ?i-torsion and are supported by Lagrangian 
subvarieties (i.e. curves in a symplectic surface). 

(ii) If U is an open subset of X and (x; (,) is a local coordinate system of X on 
U then det( 7 r *0 — 77 ) can be identihed with a polynomial 

P{x,0 = C + an-i{x)C~^ + ... + ao(a:) 
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where Ui G Ou- Identifying P{x,^) with the total symbol of a differential 
operator we obtain the following DQ-module on U, Af = >Vx(0)/Wx(0)P. 
Moreover, Af/hAf ~ Ou/OuP which implies that 

Supp(A/') = {{x,^)\P{x,^) = 0}. 

If the module Ai obtained in Theorem 13.151 (ii) is simple it follows that it 
is locally isomorphic to a >Vjs:(0)-modules of the form Wx(0)/yVx(0)P (see 
Lemma 12 .111) . 

(iii) The result concerning the simplicity of Ai in Theorem l3.15l (ii) together with 
Proposition 14.121 clarify the relation between the quantizations constructed 
in Theorem 13.151 and the quantization of the spectral curve constructed in 

[U. 

4 Relations between Quantum curves and DQ- 
modules 

The quantization of spectral curves is usually formulated by using the notion of 
quantum curve. This quantization is usually achieved by quantizing the coordi¬ 
nates of the ambient space. 

In this section, we define DQ-algebras which corresponds to the so-called quan¬ 
tization rules (or polarizations of coordinates) encountered in papers dealing with 
quantum curves and introduce a notion of polarization of a DQ-algebra which 
allows us to make the comparison between quantum curves and DQ-modules. 

It is worth mentionning that a quantum curve is often understood in the math¬ 
ematical physic literature as a "Schrodinger-type" operator. As there is no general 
theory of quantum curves per se, it is difficult to make a systematic comparison 
between DQ-modules and quantum curves. Here, we perform the comparison in 
the following sense. It seems that for each major type of quantum curves arising 
from topological recursion, there exists an algebra of operators such that quan¬ 
tum curves of a given type can be interpreted as modules over this algebra. We 
prove that these various algebras and their modules can be studied in an uniform 
way via the theory of DQ-modules since a quantum curve can be interpreted as a 
DQ-module over a suitable DQ-algebra. 

4.1 Polarizations 

In this subsection, we introduce the notion of polarization of a DQ-algebra and give 
examples corresponding to the main situations in which one encounters quantum 
curves. Polarizations will allow us to compare solutions of a quantum curves with 
the solutions of the DQ-modules canonically associated to them. 

Definition 4.1. Let X be a complex symplectic manifold and let Ax be a DQ- 
algebra the associated Poisson structure of which is the symplectic structure of X. 
A polarization P of {X,Ax) is the data of 
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(i) an holomorphic fiber bundle tt : X ^ h. such that tt ^(x) is a Lagrangian 
submanifold of X, 

(ii) a Lagrangian immersion l : A ^ X such that tt o 6 = idA, 

(iii) A Ax-module C simple along A. 

Remark 4.2. In practice we often have C ~ as C^-modules. 

Roughly speaking, specifying a polarization i.e "a quantization rule" in the sense 
of quantum curves (see for example [3 [in [H [21]) corresponds to specify the action 
of Ax on O^. We now describe precisely this correspondance in the case of the 
cotangent bundle to a complex manifold, in the case of (C* xC*, {dxiAdx 2 )/{xiX 2 )) 
and of (C* x C, {dxi A dx 2 )/xi). 

Definition 4.3. Let X be a symplectic manifold and assume it is quantized by a 
DQ-algebra Ax- Let iP = (tt : X —>• A, i : A —>• X, £) be a polarization of (X, Ax)- 
Let AI be a coherent Ax-module. The complex of solution of M. with respect to 
the polarization V is the sheaf RHom_ 4 ^ (Ad, C). 

Remark 4.4. If Ad is an holonomic module then, RHom_Aioo(Ad*°‘^,£*°'^)[(ix/2] 
is a perverse sheaf. Thus, if Ad is a DQ-modules quantizing a spectral curve then 
R?dom_A!oc(Ad^°'^, £*°°)[1] is a perverse sheaf. Thus, if we know how to quantize a 
spectral curve, we can associate to it a perverse sheaf. 

Definition 4.5. Let X be a symplectic manifold and assume it is quantized by a 
DQ-algebra Ax- Let P = (tt : X —A, i : A —> X, £) be a polarization of (X, Ax)- 
Let Pa be a coherent sheaf of algebras together with a monomorphism of algebra 
(f> : Tr~^TZx ^ Ax- Let Cx be a Px-module. We say that the polarization V and 
the pair {(j), Cx) are compatible if 

(i) the functor 

(.)-Ax . Modcoh(PA) Modcoh(Ax), M H- Ax 0 7r“^Ad 
is exact, 

(ii) 7r*£ and Cx are isomorphic as PA-modules. 

Proposition 4.6. Let X be a symplectic manifold and assume it is quantized by a 
DQ-algebra Ax- Let P = (tt: X —>■ A, : A —>■ X, £) be a polarization of (X, Ax)- 
Let TZx be a eoherent sheaf of algebras together with a monomorphism of algebra 
(j) : ‘n~^TZx ^ Ax- Let Cx be a TZx-module and Ad a eoherent TZx-module. If the 
pair {4>,Cx) is compatible with the polarization P = (7 r:X^A, t:A^- X, £), 
then 

RPom-;^^(A4,£A) - Rtt, RPom^^ (Ad-^^, £). 

Proof. We have the following isomorphisms. 

Rtt* RPom^^ (Ad'^^, C) ~ Rtt* RPom,r-i-RA (tt”^A d, C) 

~ RPom-Tj^ (Ad, Rtt* C) 

~ R'Hom-7j^(Ad,/:A)- 

□ 
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We prove a flatness criterion that we will use to study sheaves of solutions. 

Theorem 4.7. Let X be a eomplex manifold endowed with a DQ-algebra Ax cLnd 
let Bx be a Bx-coherent <C[h]xsub-algebra of Ax- Assume that Ax/fiAx is flat 
over Bx /hBx ■ Then, Ax is flat over Bx ■ 

Proof. We adapt the proof of [SJ Proposition 5.2.3]. Since Bx is coherent, we just 
need to prove that for every open set C/ C X and M € Modcoh(Sx|f 7 ) 

ll-\Ax\u ® W)= 0 . 

Bx\u 

For the sake of brevity we will omit the restriction to U. Since any coherent 
module is an extension of a module without /i-torsion by a module of ?i-torsion, 
it is sufficient to establish the results for these modules. Recall that if is a 

L 

Ajc-module, we set gr^ = Cx ® Ad. 

C[h]x 

(a) Assume M has no /i-torsion. Then, 

H"^(gr^(Ax ® A/")) ~ B-^iAx/hAx d Ax d Af)) 

Bx Ax Bx 

~B-\Ax/hAx d M/hM). 

Bx/hBx 


By hypothesis, it follows that 

H-i(gr^(Ax d Af))~0. 

Bx 

Moreover, it follows from Lemma 1.4.2 of m that we have the exact sequence 

0 ^ Ox 0 Torf^{Ax,M) ^ H-i(gr^(Ax d M)) ^ 

Ax Bx 

^Torf^(Ox,H°(Ax dAf))^0. 

Bx 

This implies that Ox ® Torf ^ ( Ax, A/") ~ 0. 

Ax 

Applying the functor (•) 0 Torf ^ ( Ax, A/") to the exact sequence 
Ax 

0 —y hAx —t Ax —t Ax jb-Ax —t 0, 


we get 

ftAx ® rorf^(Ax,Af) ^ rorf^(Ax,Af) ^ 0. 

Ax 

It follows from Nakayama Lemma (cf. pil Lemma 1.2.2]) that 

rorf^(AxW)=0. 
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(b) Assume that M is of /i-torsion. Since M is coherent, there exists N d'H* such 
that N = 0. Using the exact sequence 

^ M/m 0 

it follows by induction on N that it is sufficient to establish that 

il~HAx kM)=0 

Bx 

under the assumption that h^M = 0 with TV = 1. 

(c) Assume that hM = 0. Then, 

Ax <1 TV ~ Ax <1 {Bx/hBx) ® M 

Bx Bx Bxj^Bx 

L 

~ Ax / hAx ® M. 

Bx/hBx 

Since Ax/^Ax is flat over Bx/fiBx, it follows that H (Ax ® M) = 0 . 


4.1.1 Polarization for the cotangent bundle of a complex manifold 

Let TU be a complex manifold and X := T*M be the cotangent bundle of M 
and TT : X ^ M he the projection on the base. An example of polarization on 
{X, yVx(O)) is given by the following data: 

(i) The projection n ■. X ^ M, 

(ii) The Lagrangian immersion provided by the zero section i.e. l: M ^ X, 
P ^ (p,o), 

(hi) C is the quotient of >Vx(0) by the left ideal I of yVx(O) generated by 
h{TT~^QM) where 0 m is the sheaf of holomorphic vector fields on M. 

Identifying C and it follows that if x is a local coordinate system on M 
and (xi,..., x„, ui,..., is the associated symplectic coordinate system on X 
the action of Wx (0) on is given by 

Xi- f = Xif, 

Ui- f = 

which agree with the usual quantization rules for spectral curves in the case where 
X = T*C (cf. for instance |25j j. 
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4.1.2 Polarization for (C* x C*, (dxi A dx 2 )/{X 1 X 2 )) 

We start by constructing a star-algebra Ax on X = (C* x C*, {dxi Adx 2 )/{X 1 X 2 )) 
well-suited to study the quantization of the A-polynomial. We will also specify a 
polarization of (X, Ax) ■ 

Consider the complex surface X = C* x C* with coordinate system {xi,X 2 ) 
and symplectic form ■ We illustrate the use of Proposition 12.71 We define 

the following sections of . 

Ai =xi A2= X2ef^^^^-i 

Bi = B 2 = X2- 

This sections satisfy condition (12.21) . Thus, by Proposition 12.71 we have defined a 
star-algebra Ax on C* x C*. This star-algebra is in fact the one given in Example 

We now specify the data of a polarization on {X^Ax) i-e. 

(i) the projection tti : X —?► C*, {xi,X 2 ) i-A xi, 

(ii) The Lagrangian immersion given by t: C* —>■ X, x ^ {x, 1), 

(iii) C is the quotient of Ax by the left ideal I of Ax generated by the section 
X2 - 1 . 

Writing A for the Lagrangian submanifold of X defined by {x 2 = 1} and 
identifying £ and the action of Ax on is given by 

xi- f = Xif, 

X2- f = 

which are the usual quantization rules for coordinate on C* x C* (cf. [TH [H] and 
HZlllS] for surveys). 

4.1.3 Polarizations for (C* x C, {dxi A dx 2 )/xi) 

Contrary to the preceding examples in the case of the variety (C* x C, {dxi A 
dx 2 )/xi), there are several natural choices of quantizations and polarizations that 
correspond respectively to quantum curves encountered in the study of Hurwitz 
numbers [24| and Gromov-Witten invariants m- We defer the study of the rela¬ 
tion between the different quantizations and polarizations to future works. 

As in the preceding cases, we start by constructing the star-algebras for which 
we will specify a polarization. 

Consider the complex surface X = C* x C with coordinnate system {xi,X 2 ) 
and symplectic form . We define the following section of . 

Ai = xi A 2 = hxidxi + X2 

Bi = B 2 = X2- 
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A straightforward computation show that these sections satisfy condition (12.21) . 
Thus, Proposition 12.71 ensured the existence of a star-algebra quantizing X. The 
star-product of this star-algebra is the one of Example 12.41 i.e. 



A) We now specify a polarization on (X,Ax)'- 

(i) the projection tti : C* x C ^ C*, (xi,X 2 ) ^ xi 

(ii) The Lagrangian immersion given by 6i : C* —> X, a; !—>■ (a:,0). 

(iii) £i is the quotient of Ax by the left ideal Ii of Ax generated by X 2 - 

Writing Ai for the Lagrangian submanifold of X defined by {x 2 = 0} and 
identifying Ci and , the action of Ax on is given by 


xi- f = Xif, 

X2 • f = hxidx^f 


which are the quantization rules for coordinate on C* x C usually used to study 
Hurwitz numbers (cf. for instance [24] 1. 


B) It is also possible to consider the star-algebra A°j^ on C* x C. The star-product 
of this star-algebra is given by 



We specify a polarization for {X, A£^)'. 

(i) the projection 712 : C* x C —>■ C, (xi,X 2 ) X 2 , 

(ii) The Lagrangian immersion given by L 2 : C —>■ X, a; >-)■ (1, a;), 

(iii) £2 is the quotient of A‘^ by the left ideal I 2 of A'^ generated by a;i — 1. 

Writing A 2 for the Lagrangian submanifold of X defined by{a;i — 1 = 0} and 
identifying £2 and , the action of A^^ given by 



which are the usual quantization rules for coordinate on C* x C used in the 
study of Gromov-Witten invariants (cf. for instance [E])- 
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4.2 Some algebras of operators 

Generally, quantum curves are sections of subalgebras of V^. This is especially the 
case for quantum curves quantizing spectral curves associated to Higgs bundles or 
quantizing the 4-polynomials or related to Gromow-Witten theory. That is, in 
situation where the quantum curves are arising from topological recursion. In this 
subsection, we construct such algebras and study their properties. 

The case of quantum curves related Hurwitz numbers is different. Two types of 
quantum curves should be distinguished those involving derivative in the direction 
of the deformation parameter h and those who do not. It seems that quantum 
curves of the second type define section of the star-algebra defined in subsection 
14.1.31 B) whereas quantum curves of the hrst type correspond to section of quan¬ 
tization algebras (see [S]). Quantization algebras and DQ-algebras are closely 
related. We defer to future work the detailed study, from the point of view of 
DQ-algebras and quantization algebras, of quantum curves appearing in the study 
of Hurwitz numbers. 

4.2.1 Rees X>-modules 

Several authors have studied the quantization of spectral curves associated to 
Higgs bundles in terms of modules over the Rees-algebra of differential operators 
filtered by the order (See for instance [3 HUl [H])- We call these modules Rees 
X>-modules. In this section, we study the relation between DQ-modules and Rees 
D-modules. 

Let M be a complex manifold and X := T*M its cotangent bundle. On M we 

consider the sheaf Dm of holomorphic differential operators. For every j € N, we 

write VMij) for the piece of the filtration by the order of T>m and Dm [ft] for 

Dm G C[h] and Dm [fi, fi~^] for Dm G C[h, h~^]. 
c c 

Definition 4.8. The Rees algebra of Dm is the subsheaf of C[h] G) Dm 

c 

OO 

Ri'Dm) = 0 

3=0 

It follows from the definition of R{T>m) that it is an algebra over C[K\m and 
that the inclusion provides a morphism of algebras 

R{VM)-^VM[h]. (4.1) 

Lemma 4.9. There is an isomorphism of algebras 

R{Vm) ® C[h-1] 4 Vm[K (4.2) 

c 

Proof. Tensoring the morphism 631) by (•)®C[h ^], we obtain the morphism 

c 

R{Vm) <SiC[h~^] —>■ VM[h,h~^] which is clearly a monomorphism. Locally, one 

c 

checks that R{'Dm) (SiC[h~^] contains Om and the sheaf of vector fields 0 m which 
implies that the morphism (14.21) is an epimorphism. □ 
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We have the following result. 

Proposition 4.10 f |191 Theorem A.34]). The Om- algebra R{'Dm) is Noetherian. 

We endow X = T*M with the DQ-algebra Wx(0). Recall that we have a flat 
morphism of algebras 

Tr~^'DM ^ Wjc 

such that if (xi,..., a;„; ui,..., u„) is a local symplectic coordinate system on X, 
then Xi I—> Xi and dx^ h~^Ui. This induces a morphism of algebras 

TT~'^'DM[h,h~^] ^ Wx- 


By composing the above morphism with morphism (14.111 we get a map 

'it ■'k-^R{Vm)^Wx- 

It is clear that \E'(7r“^i?(X>M)) C Wx(0). 

We summarize the situation in the following commutative diagram of mor- 
phisms of algebras. 

TT-^RiVnY -^Wx(O). 

We endow Wx(0) with the canonical filtration defined in ()2.1I) i.e. 


Wx(fc) 


?i-'=Wx(0) iffc<0 
Wx(0) iffc>0. 


This filtration induces a filtration (i?(2?M)(fc))fcgz on tt~^R{'Dm) such that h 
is in degree —1 in tt~^R{T>m) and hOx^ is in degree zero in 'k~^R{Vm)- 

We denote by 0[x] the sub-ring of Ox the sections of which are polynomial in 
the fibers. We have 


VVx(0)/Wx(-l) ^ yVx{0)/hWx{0) ~ Ox 


and 

R(I?m)(0)/R(Pm)(-1)^O[x]. 

We recall the following well-known fact. 

Proposition 4.11. The sheaf of C-algebras Ox is flat over the sheaf of algebras 

Proposition 4.12. (i) The ring Wx iff) is flat over- k~^R{T)m), 

(a) The algebra Wx is flat over 7r~^'DM[h,h~Y, 
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(in) The algebra Wx is flat over tt ^R(T>m)- 

Proof. (i) It follows from Proposition 14.11)1 and Proposition 14.111 that the hy¬ 
pothesis of Theorem 14.71 are satisfied which proves the claim. 

(ii) Wx is the localization of >Vjs:(0) with respect to h and 'iT~^'DM[h,h~^] is 
the localization of tt~^R(Vm) with respect to h. As >Vx(0) is flat over 
tt~^R{'Dm) by (i), the result follows. 

(hi) This follows from (ii) and from the fact that ■n~"^'DM[h,h~^] is flat over 
R{T>m). 

□ 


We set 

;Mod(i?(T'M)) ^ Mod(>Vx(0)) 

M^WxiO) ® 

Corollary 4.13. Let A4 £ Modcoh(.R(2^M))- Then, 

Proof. This follows from Proposition 14.61 □ 


4.2.2 Scaling operators 


According to m. the quantum curves appearing in the quantization of the A- 
polynomial are scaling operators. In this sub-section, we introduce the algebra 
formed by such operators, study its properties and relate it to DQ-algebras. 

Consider C* with the coordinate x. Let Sc* be the sub-algbera of gen¬ 
erated by Op*) and . Let 5ft be the sub-algbera of generated 

by and We write S for the operator and since = 

^-hxdxghxax _ operator is naturally denoted by S~^. Finally, we 

denote by 6s : 5^. Sc* the inclusion of 5ft into Sc* ■ 

Lemma 4.14. Let f £ then 
(i) Sof = S{f)oS, 


(ii) 5-io/ = 5-i(/)o5-t 

Proof (i) If / = X;„>o /nft” then, 5(/) = I]n>o S{fn)bT. Thus, we just need to 
prove the result for / £ Oc* ■ Then, using the local biholomorphism given by the 
change of variable a: = e“ and writing F{u) = /(e“), we have 




/c>0 


fc >0 




k\ 

k>0 p=0 

= S(/) o s. 


= E TT E L sP'raF" = E r.‘ E 


—' (k — p)lpl 

k>0 p=0 ^ ^ 
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{ii) Applying formula (i) to S ^(/), we get that S o S ^{f) = f o S. This implies 
that S-%) o S-^ = S-^ of. □ 


Lemma 4.15. Let x € C*, then Osx' 5^. ^ — >■ Sc*,x is the Ore localisation of 
^ with respects to the multiplicative set 

Proof. This follows immediately from Lemma 14.141 □ 

Proposition 4.16. Let P S iSc* • Locally P can be written in a unique way in the 
form 

n 

p= Y. 

k——m 

where fk G for —m < k < n and m, n G N. 

Proof. The existence follows from Lemma 14.141 We now prove the uniqueness. 
For that purpose it is sufficient to prove that for every m, n G N, 

n 

^ fkS>^ = 0 (4.3) 

k——m 

implies that for every —m<k<n,fk = 0. 

By considering the composition P o S'™ we can assume that m = 0. Let 
(fk)o<k<n such that Equation (14.31) holds. Then, 

n n 

^^= 0 . 

A;=0 fc=0 


Evaluating in xq € C*, we have 


YM^o)eP'^'^ = 0- 

k=0 

Then, the polynom f{z) = fki^o)z’^ G C^ 4 ocj_j,j infinitely many roots 

(the eP^ G C^doc £qj. p g pj), jt follows that f{z) = 0 which implies that for every 
xo G C*, fk{xo) = 0 which proves the claim. □ 

Remark 4.17. In view of Lemma 14.141 (i), it is possible to write locally any 
P G Sc* in the form 

n 

p= Y 

k——m 

where gk G for —m < k < n and to, n G N. 

We will need the following finiteness result. 

Proposition 4.18. The algebra Sjt. is a Noetherian O^t-algebra. 
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Proof. It follows from point (i) of Lemma [4.141 and the fact that S is an automor¬ 
phism of Oc* that the hypothesis of [5l Theorem 5.1.1] are statisfied. This implies 
that is Noetherian. □ 

Corollary 4.19. The O^,-algebra Sc* is coherent. 

Proof. The left iSc*-module Sc* is clearly hnitely generated over itself. Let U C X 
be an open set and let x £ U and let / : ^c*\u Sc*\u be a morphism of Sc*- 
modules. Let be the canonical basis of S^^. We set Qi = f{Ei). 

It follows from ProDOsition l4.16l that there exists an open set V C U containing 
X and m € N such that 

rii 

Q^ = {^hkS^)s-'^- 

Then, we get a morphism of left 5^* |y-modules 

/:5+r|y ^5+lv, P^fiP)S^. 

Since 5^. is a coherent sheaf, it follows that ker(/) is a locally finitely generated 
iSp, Iy-module. 

Since /|y o = /S'"™ then, ker/ ~ ker(/|y o [6 »s,..., 6»s]) and 

Sc* (ker(/|y o [05,. .., 6s])) — ker(/|y) which proves that ker(/|y) is finitely gen¬ 
erated. This proves that Sc* is coherent. □ 

We set X = C* X C* and denote by Ax the star-algebra defined in the Sub¬ 
section 14.1.21 and consider the polarization on {X, Ax) defined in the subsection 
just mentionned. We relate the algebras Sc* and Ax- 

It follows from Proposition 14.161 that there is a morphism of left Tr~^Oc*- 
modules defined by 

4>: 7r“^Sc* —>■ Ax, f{x) 9 Oc* /(^i)i S" xlf for n €1^. (4.4) 

Proposition 4.20. The morphism (14.4p is a morphism of algebras. 

Proof. By definition ^ is a morphism of 7 r"^Oc'i-module and it is clear that 

(()(S^) = xl = X2*X2. 

Thus, the only thing we need to check is that 

</>(S/) = cf{S)cf{f). 


But, 


<f{Sf)=^{S{f)S) = S{f)*X2 
= X2*f = </(S) ★</(/). 


□ 
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We endow the algebra Ax with the filtration defined in (12.111 . 

This filtration induces a filtration (iSc*(fc))fcGZ on 7r“^iSc* such that for every 
{pi,P 2 ) € X, we have the following isomorphism 

(0)(pj^_P2)/'^C* (~l)(pi,p2) — ^C* , Pi [ 2-21 3^2 ]. 

Lemma 4.21. The sheaf of rings Ax{^) / Ax{—^) is flat over the sheaf of rings 
iSc*(0)/<Sc*(-l). 

Proof. We need to prove that for any point (pi,p 2 ) G C* x C*, 

.^Jv(0)(pi^P2)/..4x(~1)(pi,p2) — Oc*xC*, (pi,P2) 

is flat over 

'^c*( 0 )(pi,p 2 )/' 5 c*(~ l)(pi,p2) — ^c*, pi[3^213:2 ]. 

The morphism of algebras 


, Pi [3^2] ^C* xC*, (pi ,P2) 

is flat. Moreover, Oc*, pi [a; 2 , a;^^] is the localisation of Oc*, pi [ 3 ^ 2 ] with respect to 
X 2 which is already invertible in Oc*xC*. (pi,p 2 )' Thus, the ring Oc*xC*, (pi,p 2 ) 
flat over Oc*, pi[ 3;2] which proves the claim. □ 

Proposition 4.22. (i) The ring Ax is flat over the ring 

(ii) The ring Sc* is flat over S^,, 

(Hi) The ring Ax is flat over the ring . 

Proof. (i) Corollarv l4.19l imDlies that 7r“^iSc* is coherent and Lemma [4.2 ll states 
that Ax(fl)/Ax{—^) is flat over iSc*(0)/iSc*(—1). Thus, the claim follows 
from Theorem 14.71 

(ii) This follows from Lemma [4.151 and Proposition 2.1.16 of [23] . 

(iii) This is a consequence of (i) and (ii). 

□ 


Consider the functor 

(•)-^^ : Modcoh(<5c*) -S' Modcoh(.Ax) 

N Ax <8 

Corollary 4.23. Let M. G Modcoh('5c*)- Then, 

KHoms^. (M, O^,) -Rtt* RHouia^ ,0^.). 

Proof. This follows from Proposition 14.61 □ 
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4.2.3 Translation operators 

In view of m, it seems that the quantum curves appearing in the study of 
Gromow-Witten invariants are translation operators. In this sub-section we in¬ 
troduce the algebra formed by such operators and relate it to the theory of DQ- 
modules. 

Consider C with the coordinate x. Let 7c be the sub-algebra of generated 
by Oc and and . Let 7^ be the sub-algbera of generated by and 
ghdx ^ denote by T the operator and since is the inverse of T, we 

naturally denote it by T~^. Finally, we denote by 9t ■ t Tc the inclusion of 
7^ into 7c- The proofs of the different results of this sub-section are very similar 
to the proofs of the previous section. Thus, we do not repeat certain arguments. 

Lemma 4.24. Let f G O^. 

(i) Tof = T{f)oT, 

(ii) T-io/ = T-i(/)oT-i. 

Proof. The proof is similar to the proof of Lemma 14.141 □ 

Lemma 4.25. Let x G <C, then 9 tx- t 7c,rc the Ore localisation of 

with respects to the multiplicative set 

Proof. This follows immediately from Lemma 14.241 □ 

Proposition 4.26. Let P gTc- Locally P can be written in a unique way in the 
form 

n 

P= Y. 

k— — m 

where fk G for —m < k < n and m,n G N. 

Proof. The existence of such a form follows from Lemma 14.241 To prove the 
uniqueness, it is sufficient to show that J22=-m fkT^ = 0 implies that for every 
—m < k < n, fk = 0. By considering the composition P o T™ we can assume that 
m = 0. We evaluate P on x^ and obtain 

n 

P{xn=Y.fk{x)T\x) 

n 

For every xq € C and p € N, the elements (xq + hy are roots of the polynomial 
ELo h{xo)z^ G Thus, fk{xo) =0. □ 

Proposition 4.27. The algebra 7^ is a Noetherian O^-algebra. 
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Proof. It follows from point (i) of Lemma [4.241 and the fact that T is an automor¬ 
phism of Oc that the hypothesis of [SJ Theorem 5.1.1] are satisfied. This implies 
that Tq is Noetherian. □ 

Corollary 4.28. The algebra 7c fl coherent O^-algebra. 

Proof. The proof in analogous to the proof of Corollary 14.191 □ 

We let X be the symplectic surface (C* x C, {dxi A dx 2 )/xi) and consider the 
star-algebra Ax (we write Ax instead of A°x) and the polarization on {X,Ax) 
which are defined in subsection 14.1.31 Bl. It follows from Proposition 14.261 that 
there is a morphism of Tr^^O^-modules defined by 

fb: tt-^Tc ^ fix) 9 0^^ fix 2 ), T" ^ x^ for n e Z. (4.5) 

Proposition 4.29. The morphism (14.511 is a morphism of TT~^0^-algebras. 

Proof. The proof is similar to the proof of Proposition 14.201 □ 

We endow the algebra Ax with the filtration defined in (12.11) . This filtration 
induces a filtration (7c(fc))fcGZ on 7r“^7c such that for every ipi,P 2 ) € X, we have 
the following isomorphism 

'Tci^){pi,P2)/'Tci l)(pi,P2) — ^c,pi[xi,Xi ]. 

Lemma 4.30. The sheaf of rings Ax{^)/Axi—^) is flat over the sheaf of rings 

rc(o)/rc(-i). 

Proof. The proof goes as the proof of Lemma 14.211 □ 

Proposition 4.31. (i) The ring Ax is flat over the ring 7r“^7c, 

(a) The ring 7c is flat over 7^, 

(Hi) The ring Ax is flat over the ring . 

Proof. The proof goes exactly as the proof of Proposition 14.121 □ 

Consider the functor 

(•)-^^ : Modeoh(rc) ^ Modeoh(^jc) 

Af Ax 0 Tr~^JV. 

ir-i7c 

We have the following result 
Corollary 4.32. Let M £ Modcoh(7c). Then, 

R7tomrc(A4, O^) -Rtt, RTtom^^ , O^). 

Proof. This follows from Proposition 14.61 □ 


28 
















References 


[1] V. Baranovsky, V. Ginzburg, D. Kaledin, and J. Pecharich. Quantization of 
line bundles on Lagrangian subvarieties. Selecta Mathematical pages 1-25, 2015. 

[2] H. Behnke and K. Stein. Entwicklung analytischer funktionen auf rie- 
mannschen flachen. Math. Ann., (120):430-461, 1948. 

[3] H. Behnke and K. Stein. Elementarfunktionen auf riemannschen flachen als 
hilfsmittel fiir die funktionentheorie mehrerer veranderlichen. Can. J. Math. 2, 
(2):152-165, 1950. 

[4] G. Borot and B. Eynard. All order asymptotics of hyperbolic knot invari¬ 
ants from non-perturbative topological recursion of a-polynomials. Quantum 
Topology, 6:40-138, 2015. 

[5] A. D’Agnolo and M. Kashiwara. On quantization of complex symplectic man¬ 
ifolds. Communications in Mathematical Physics, 308(1):81-113, 2011. 

[6] A. D’Agnolo and P. Schapira. Quantization of complex Lagrangian submani¬ 
folds. Advances in Mathematics, 213(l):358-379, 2007. 

[7] R. Dijkgraaf, L Hollands, and P. Sulkowski. Quantum curves and H-modules. 
Journal of High Energy Physics, 2009(11):047, 2009. 

[8] T. Dimofte. Quantum riemann surfaces in chern-simons theory. Adv. Theor. 
Math. Phys., 17(3):479-599, 06 2013. 

[9] N. Do and D. Manescu. Quantum curves for the enumeration of ribbon graphs 
and hypermaps. Commun.Num. Theor.Phys., pages 677-701, 08 2014. 

[10] O. Dumitrescu and M. Mulase. Quantization of spectral curves for meromor- 
phic Higgs bundles through topological recursion. arXiv:1411.1023. 

[11] O. Dumitrescu and M. Mulase. Quantum curves for Hitchin fibrations and 
the Eynard-Orantin theory. Letters in Mathematical Physics, 104(6) :635-671, 
2014. 

[12] P. Dunin-Barkowski, M. Mulase, P. Norbury, A. Popolitov, and S. Shadrin. 
Quantum spectral curve for the Gromov-Witten theory of the complex projective 
line. Journal fiir die reine und angewandte Mathematik (Crelles Journal), 2014. 

[13] B. Eynard and N. Orantin. Invariants of algebraic curves and topological 
expansion. Communications in Number Theory and Physics, 1:40-138, 20107. 

[14] F. Forstneric. Stein Manifolds and Holomorphic Mappings: The Homotopy 
Principle in Complex Analysis, volume 56 of Ergebnisse der Mathematik und 
ihrer Crenzgebiete. 3. Folge / A Series of Modern Surveys in Mathematics. 
Springer-Verlag, Berlin, 2011. 


29 


[15] A. Grothendieck. Elements de geometrie algebrique. I: Le langage des sche¬ 
mas. II: Etude globale elementaire de quelques classe de morphismes. Ill: Etude 
cohomologique des faisceaux cohCTents (premiere partie). Publ. Math., Inst. 
Hautes Etud. Sci., 4:1-228, 1960. 

[16] S. Gukov. Three-Dimensional Quantum Gravity, Ghern-Simons Theory, and 
the A-polynomial. Communications in Mathematical Physics, 255(3):577-627, 
2005. 

[17] S. Gukov and I. Saberi. Lectures on Knot Homology and Quantum Gurves. 
arXiv:1211.6075, November 2012. 

[18] S. Gukov and P. Sulkowski. A-polynomial, B-model, and quantization. Jour¬ 
nal of High Energy Physics, 2012(2):l-57, 2012. 

[19] M. Kashiwara. D-modules and microlocal calculus, volume 217 of Translations 
of Mathematical Monographs. American Mathematical Society, Providence, RI, 
2003. 

[20] M. Kashiwara and P. Schapira. Sheaves on manifolds, volume 292 of 
Grundlehren der Mathematischen Wissenschaften [Fundamental Principles of 
Mathematical Sciences]. Springer-Verlag, Berlin, 1990. 

[21] M. Kashiwara and P. Schapira. Deformation quantization modules, volume 
345 of Asterisque. Soc. Math. France, 2012. 

[22] M. Kontsevich. Deformation quantization of algebraic varieties. Lett. Math. 
Phys., 56(3):271-294, 2001. EuroGonference Moshe Flato 2000, Part III (Dijon). 

[23] J. C. McGonnell and J. C. Robson. Noncommutative Noetherian rings. Pure 
and Applied Mathematics (New York). John Wiley & Sons, Ltd., Ghichester, 
1987. 

[24] M. Mulase, S. Shadrin, and L. Spitz. The spectral curve and the Schrodinger 
equation of double Hurwitz numbers and higher spin structures. Com- 
mun.Num.Theor Phys., 07:125-143, 2013. 

[25] P. Norbury. Quantum curves and topological recursion. arXiv:1502.04394, 
2015. 

[26] P. Polesello and P. Schapira. Stacks of quantization-deformation modules 
on complex symplectic manifolds. International Mathematics Research Notices, 
2004(49):2637-2664, 2004. 

[27] M. Sato, T. Kawai, and M. Kashiwara. Microfunctions and pseudo-differential 
equations. In Hyperfunctions and pseudo-differential equations (Proc. Conf, 
Katata, 1971; dedicated to the memory of Andre Martineau), pages 265-529. 
Lecture Notes in Math., Vol. 287. Springer, Berlin, 1973. 

[28] P. Schapira. Microdifferential systems in the complex domain, volume 269 
of Grundlehren der Mathematischen Wissenschaften. Springer-Verlag, Berlin, 
1985. 


30 


University of Luxembourg, Mathematics Research Unit, 6 rue Richard Coudenhove- 
Kalergi, L-1359 Luxembourg. 

E-mail address: francols.petit@uni.lu 


31 


